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ABSTRACT
A Bezier curve is significant with its control points. When control points are given, the Bezier
curve can bewritten usingDeCasteljau’s algorithm. An important property of Bezier curve is that
every coordinate function is a polynomial. Suppose that a curve α(t) is a curve which coordinate
functions are polynomial. Canwe findpoints thatmake the curveα(t) as Bezier curve? This article
presents a method for finding points which present α(t) as a Bezier curve.
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1. Introduction

The curve theory is used in differential geometry, kine-
matics, robotics and engineering. Bezier curves are
important subset of the curves. Bezier curves have been
used in computer-aided geometric design (CAGD) and
in many areas [1–5]. For every Bezier curve, the control
points are uniquely defined [6]. In CAGD, the most pop-
ular areasof researchareused shape control parameters
to construct Bezier curves [7]. It is possible to estab-
lish the linear relationship of the control points of a
Bezier curve and surface [8, 9]. It is well known from the
relevant literature, a Bezier curve is established by the
control points. When the control points are given, using
the Bernstein polynomial and De Castaljeu algorithm
we can write the Bezier curve.

The coordinates of a Bezier curve are polynomial
functions including the coefficientsof Bernsteinpolyno-
mial and the component of the control points. However,
when a Bezier curve is given, we can not say the con-
trol points what are? In the relevant literature, there are
some articles about finding the control points of third
order with minimum error [10].

Our aim is to find the control points exactly, not
approximately. Suppose that α(t) is a curve, α1(t), α2(t),
α3(t) are coordinate functions. α1(t), α2(t), α3(t) are
polynomial with degreem1, m2 andm3, respectively. In
this case,we can findmax{m1,m2,m3} + 1pointswhich
are control points of the curve α(t) as a Bezier curve.
The original contribution of our study is to find the con-
trol points when a curve is given. We need only the
coefficients of polynomial coordinate functions. These
coefficients give us the coordinates of control points
using the inverseof creatormatrix. Creatormatrix has an

inverse. We show this case in Section 3. The advantages
of the proposed method are different from the exist-
ing methods. The control points are given for finding
the Bezier curve in the existing methods but the con-
trol points are found in our method. If we have creator
matrix, we can find the control points every time.

Firstly,wegivebasic knowledgeabout aBezier curve.
And then, we introduce a method to find the control
points of a given curve in Section 3, which is the original
part of this article.

2. Preliminaries

Binomial expansion with n-degree for a and b is given
by

(a + b)n =
n∑
i=0

(
n

i

)
aibn−i.

For a= t and b=1−t, we can write this polynomial,
which is called Bernstein polynomial, as

B(t) =
n∑
i=0

(
n

i

)
ti(1 − t)n−i, 0 ≤ t ≤ 1

or

Bn(t) =
n∑
i=0

Bni (t),

where Bni (t) = (n
i

)
ti(1 − t)n−i. This polynomial was

introduced by Bernstein [11]. A Bernstein polynomial
can be written in matrix form [12].

Bernstein polynomials have the linearly independent
property, soBernsteinpolynomials set {Bni } formsabasis
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for all polynomials. Using the de Casteljau algorithm
and Bernstein polynomial, a Bezier curve can be written
as

BZ(t) =
n∑
i=0

(
n

i

)
ti(1 − t)n−iPi, 0 ≤ t ≤ 1, (1)

where Pi are elements of R
k , k ≤ n, and called Bezier

points [13].
If Pi = (Pix , Piy , Piz) ∈ R

3, 0 ≤ i ≤ n, then we have

BZ(t) =
n∑
i=0

Bni (t)(Pix , Piy , Piz)

and, in terms of coordinate functions,

BZ(t) =
(

n∑
i=0

Bni (t)Pix ,
n∑
i=0

Bni (t)Piy ,
n∑
i=0

Bni (t)Piz

)
. (2)

BZ(t) is continuous on [a, b] and differentiable on (a, b).
Using the matrix form, we can write a Bezier curve

with (n + 1)−control points as

BZ(t) = [Bni ].P,

where

P = [Pi](n+1)×1

and Pi = (Pix , Piy , Piz) are the control points of the Bezier
curve BZ(t) in R

3.

3. Calculating the points for a curve α(t)which
makes as Bezier curve

3.1. Creatormatrix

In this section, we give amatrix formulation to calculate
the unknown control points of a given curve.

In generally, a Bezier curve is notwritten in thepower
basis {ti}. However, for calculating the control points of
a Bezier curve, BZ(t)must be written in the power basis
{ti}. In Equation (1), the multipliers of each component(

n

i

)
ti(1 − t)n−iPi

belongs to N, Tt , T(1−t) and P, where

N =
((

n

0

) (
n

1

) (
n

2

)
· · ·

(
n

k

)
· · ·

(
n

n − 1

) (
n

n

))
,

Tt = (t0 t1 t2 · · · tk · · · tn−1 tn),

T(1−t) = ((1 − t)n · · · (1 − t)n−k · · · (1 − t)n−(n−1)

(1 − t)n−(n−0)),

P = (P0 P1 P2 · · · Pk · · · Pn−1 Pn).

Hence, we can write

BZ(t) =
n∑
i=0

Ni.(Tt)i.(T(1−t))n−i.Pi.

The serial expansionof every (1 − t)(n−i) placed in T(1−t)

is as

(1 − t)n−i =
n−i∑
j=0

(
n − i

j

)
(−1)jtj.

In this case, BZ(t) can be written in the power basis
{ti}. Now we have to calculate the coefficients of ti. The
coefficients of ti can be obtained from the following
statements, respectively;

tn
{(

n

0

)(
n

n

)
(−1)nP0 +

(
n

1

)(
n − 1
n − 1

)
(−1)n−1P1 + · · ·

+
(
n

n

)(
n − n

n − n

)
(−1)n−nPn

}
,

tn−1
{(

n

0

)(
n

n − 1

)
(−1)n−1P0 + · · · +

(
n

n − 1

)

×
(

n − (n − 1)
n − (n − 1) − 1

)
(−1)n−(n−1)−1Pn−1

}
,

tn−2
{(

n

0

)(
n

n − 2

)
(−1)n−2P0 + · · · +

(
n

n − 2

)

×
(

n − (n − 2)
n − (n − 2) − 2

)
(−1)n−(n−2)−2Pn−2

}
,

tn−3
{(

n

0

)(
n

n − 3

)
(−1)n−3P0 + · · · +

(
n

n − 3

)

×
(

n − (n − 3)
n − (n − 3) − 3

)
(−1)n−(n−3)−3Pn−3

}
,

...

t3
{(

n

0

)(
n

3

)
(−1)3P0 +

(
n

1

)(
n − 1
2

)
(−1)2P1 + · · ·

+
(
n

3

)(
n − 3
0

)
(−1)0P3

}
,

t2
{(

n

0

)(
n

2

)
(−1)2P0 +

(
n

1

)(
n − 1
1

)
(−1)1P1

+
(
n

2

)(
n − 2
0

)
(−1)0P2

}
,

t1
{(

n

0

)(
n

1

)
(−1)1P0 +

(
n

1

)(
n − 1
0

)
(−1)0P1

}
,

t0
{(

n

0

)(
n

0

)
(−1)0P0

}
.

Using the coefficients of tn, . . . , t1, t0, the curve

BZ(t) =
n∑
i=0

(
n

i

)
ti(1 − t)n−iPi, Pi = (Pix , Piy , Piz) (3)

can be written as

BZ(t) =
n∑
i=0

ti

⎧⎨
⎩

n−i∑
j=0

(
n

j

)(
n − j

i − j

)
(−1)i−jPj

⎫⎬
⎭ . (4)

Equation (4) is the main equation for this article. In
Equation (4), the Bezier curve BZ(t) is written in matrix
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form as follows

BZ(t) = T .A.P, (5)

where,

T = [
ti
]
, i = 0, . . . , n,

A = [
aij
]
, aij =

(
n

j

)(
n − j

i − j

)
(−1)i−j,

P = [Pi] , i = 0, . . . , n. (6)

Now we give a new definition.

Definition3.1: ThematrixA = [aij] = [
(n
j

)(n−j
i−j

)
(−1)i−j]

is called the creator matrix for Bezier curves.

3.2. Finding the control points

The creator matrix and the given Bezier curve in the
form BZ(t) = T .A.P are very important. Since in this case,
the matrix A is invertible and this allows us to find the
control points of unknown control points of a Bezier
curve. Also, using Equation (5), it is very easy to calculate
the derivative and integration of a Bezier curve. Now
we give a proposition, theorem and examples using the
creator matrix.

Proposition 3.2: The creator matrix A is an invertible
matrix.

Proof: A is a lower-triangle square matrix and det
A = ∏n

i=0 aii. For ∀i,

aii =
(
n

i

)(
n − i

i − i

)
(−1)i−i =

(
n

i

)
�= 0.

That is, detA �= 0. �

Theorem 3.3: Every curve which coordinate functions
are polynomial can be written as a Bezier curve.

Proof: When a curve is given with the coordinate func-
tions to be polynomial, there are the control points
uniquely and exactly which they make the curve as
Bezier curve. Suppose that any polynomial curve C(t) is
given by C : I −→ Rn, n=2 or n=3, I = [0, 1],

C(t) =
(

n∑
i=0

Cixt
i,

n∑
i=0

Ciyt
i,

n∑
i=0

Cizt
i

)
. (7)

Then, C(t) can be written in matrix form as

C(t) = [
t0 t1 t2 · · · tn

]
⎡
⎢⎢⎢⎢⎢⎣

C0x C0y C0z
C1x C1y C1z
C2x C2y C2z
...

...
...

Cnx Cny Cnz

⎤
⎥⎥⎥⎥⎥⎦ . (8)

From Equations (5) and (8), we have

A

⎡
⎢⎢⎢⎢⎢⎣

P0x P0y P0z
P1x P1y P1z
P2x P2y P2z
...

...
...

Pnx Pny Pnz

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

C0x C0y C0z
C1x C1y C1z
C2x C2y C2z
...

...
...

Cnx Cny Cnz

⎤
⎥⎥⎥⎥⎥⎦

and

A

⎡
⎢⎢⎢⎢⎢⎣

P0x
P1x
P2x
...

Pnx

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

C0x
C1x
C2x
...

Cnx

⎤
⎥⎥⎥⎥⎥⎦ , A

⎡
⎢⎢⎢⎢⎢⎣

P0y
P1y
P2y
...

Pny

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

C0y
C1y
C2y
...

Cny

⎤
⎥⎥⎥⎥⎥⎦ , A

⎡
⎢⎢⎢⎢⎢⎣

P0z
P1z
P2z
...

Pnz

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

C0z
C1z
C2z
...

Cnz

⎤
⎥⎥⎥⎥⎥⎦ . (9)

So, we find the solutions of Equation (9) as⎡
⎢⎢⎢⎢⎢⎣

P0x
P1x
P2x
...

Pnx

⎤
⎥⎥⎥⎥⎥⎦ = A−1

⎡
⎢⎢⎢⎢⎢⎣

C0x
C1x
C2x
...

Cnx

⎤
⎥⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎢⎣

P0y
P1y
P2y
...

Pny

⎤
⎥⎥⎥⎥⎥⎦ = A−1

⎡
⎢⎢⎢⎢⎢⎣

C0y
C1y
C2y
...

Cny

⎤
⎥⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎢⎣

P0z
P1z
P2z
...

Pnz

⎤
⎥⎥⎥⎥⎥⎦ = A−1

⎡
⎢⎢⎢⎢⎢⎣

C0z
C1z
C2z
...

Cnz

⎤
⎥⎥⎥⎥⎥⎦ . (10)

This solution is unique. This method gives us the
control points exactly, not approximately. �

Example: Suppose that a Bezier curve is given as

C(t) : I −→ R
2,

C(t) = (C1(t),C2(t)),

where,

C1(t) = −180t9 + 810t8 − 1800t7 + 2520t6 − 2268t5

+ 1260t4 − 360t3 + 40t − 11,

C2(t) = −52t10 + 260t9 − 270t8 − 480t7

+ 1260t6 − 1008t5 + 420t4 − 240t3

+ 90t2 + 10t

(Figure 1).
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Figure 1. The curve C(t).

Nowwecalculate the control points of the curveC(t).
For this we write the programme in Matlab.

Coefficients matrix of this curve is

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−11 0
40 10
0 90

−360 −240
1260 420

−2268 −1008
2520 1260

−1800 −480
810 −270

−180 260
0 −52

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

From P = A−1C, we have

P =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−11 0
−7 1
−3 3
−2 5
−1 7
0 8
1 7
2 5
3 3
7 1
11 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The control points are

p0 = (−11, 0), p1 = (−7, 1), p2 = (−3, 3),

p3 = (−2, 5), p4 = (−1, 7), p5 = (0, 8),

Figure 2. The control points of C(t).

p6 = (1, 7), p7 = (2, 5), p8 = (3, 3), p9 = (7, 1),

p10 = (11, 0).

The control points of C(t) is drawn as in Figure 2. At the
endwe can plot Bezier curve, the control points and the
control polygon of curve C(t) (Figure 3).

Example: Let curve β(t) be given as follows.

β(t) = 3665t10 + 16300t9 − 24750t8 + 9000t7

+ 15750t6 − 21420t5 + 11550t4 − 3000t3

+ 225t2 + 20,

5t(−1380t9 + 7260t8 − 16965t7 + 22920t6 − 19110t5

+ 9576t4 − 2520t3 + 120t2 + 135t − 40),

5t2(−211t8 + 2356t7 − 8550t6 + 15720t5 − 16800t4

+ 10836t3 − 3990t2 + 600t) + 45).

The figure of this curve is as in Figure 4.
The coefficients matrix of β(t) is

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

20 0 0
0 −200 0

225 −675 225
−3000 −600 3000
11550 12600 −19950

−21420 −47880 54180
15750 95550 −84000
9000 −114600 78600

−24750 −84825 −42750
16300 −36300 11780
−3665 6900 −1055

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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Figure 3. Bezier curve, the control points and the control polygon of C(t).

Figure 4. The curve β(t).

The creator matrix is

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0
−10 10 0 0 0
45 −90 45 0 0

−120 360 −360 120 0
210 −840 1260 −840 210

−252 1260 −2520 2520 −1260
210 −1260 3150 −4200 3150

−120 840 −2520 4200 −4200
45 −360 1260 −2520 3150

−10 90 −360 840 −1260
1 −10 45 −120 210

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

252 0 0 0 0 0

−1260 210 0 0 0 0

2520 −840 120 0 0 0

−2520 1260 −360 45 0 0

1260 −840 360 −90 10 0

−252 210 −120 45 −10 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The inverse of the creator matrix is

A−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0

1 0.1 0 0 0 0

1 0.2 0.0222 0 0 0

1 0.3 0.0667 0.0083 0 0

1 0.4 0.1333 0.0333 0.0048 0

1 0.5 0.2222 0.0833 0.0238 0.004

1 0.6 0.3333 0.1667 0.0714 0.0238

1 0.7 0.4667 0.2917 0.1667 0.0833

1 0.8 0.6222 0.4667 0.3333 0.2222

1 0.9 0.8 0.7 0.6 0.5

1 1 1 1 1 1



JOURNAL OF TAIBAH UNIVERSITY FOR SCIENCE 527

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

0.0048 0 0 0 0
0.0333 0.0083 0 0 0
0.1333 0.0667 0.0222 0 0
0.4 0.3 0.2 0.1 0
1 1 1 1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

So we have the control points from P = A−1C. The con-
trol points are

p0 = (20, 0, 0), p1 = (20, 20, 0), p2 = (25, 25, 5),

p3 = (10, 10, 30),

p4 = (5, 30, 35), p5 = (10, 10, 40), p6 = (−15, 10, 40),

p7 = (−10,−10, 25),

p8 = (0, 5, 20), p9 = (0, 15, 8), p10 = (10, 20, 30).

The control pointsofβ(t)are shownas in Figure5.The
control polygon of the Bezier curve is drawn as in
Figure 6. Finally, we can draw the Bezier curve as in
Figure 7.

Example: Let the curve γ (t) be given in R
4 as

γ (t) = (6 + 3t − 2t2 + 8t3 + 114,−t + 7t3 + 15t4,

− 5 + 20t + 11t2 + 20t3 − 2t4, 5t + 17t2

+ 20t3 + 18t4).

Figure 5. The control points of β(t).

Figure 6. The control polygon of the Bezier curve.

Figure 7. The Bezier curve according to the control points.

The coefficients matrix of γ (t) is

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

6 0 −5 0
3 −4 20 5
2 0 11 17
8 7 20 20
11 15 −2 18
12 15 18 23

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.
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The creator matrix A and the inverse of the creator
matrix B are as follows.

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
−5 5 0 0 0 0
10 −20 100 0 0 0

−10 30 −30 10 0 0
5 −20 30 −20 5 0

−1 5 −10 10 5 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

and

B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
1 0.2 0 0 0 0
1 0.4 0.1 0 0 0
1 0.6 0.3 0.1 0 0
1 0.8 0.6 0.4 0.2 0
1 1 1 1 1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.

Thuswe have the control points of γ (t) as a Bezier curve
is found as p0 = (6, 0,−5, 0),

p1 = (6.6,−0.8,−1, 1), p2 = (7.4,−1.6, 4.1, 3.7),

p3 = (9.2, 1.7, 12.3, 10.1),

p4 = (15, 2.6, 25.2, 25.8), p5 = (42, 33, 62, 83).

3.3. Derivative and integration on the Bezier
curves

It is notable that if Bezier curve can be written as
in Equation (5), this new argument can raise many
advantages. For example, in case a representation as
in Equation (5) it can be easily calculated the deriva-
tive, integration, . . . ,etc of the Bezier curve. This is a
clear advantage of writting a Bezier curve in matrix
form. Here, we success this fact for Bezier curves. In
addition, in the relevant literature the derivative and
integration of various Bezier curves are calculated by
classical ways. This case brings many difficulties. How-
ever, in this paper we calculate the derivative of the
Bezier curves by means of the matrix form. This case
can bring many advantages for the researchers. That is,
in that case, we can calculate the derivative and inte-
gration of the Bezier curves easily. These are the con-
tributions of this paper to the literature and its novelty
and originality. This method, which defines the Bezier
curve as the polynomial in the power basis {ti}, is very
useful in practice and computer science. Suppose that
the Bezier curve with n−control points is given as in
Equation (5),

BZ(t) = T .A.P.

In this case, the derivative of BZ(t) is

d(BZ(t))

dt
= dT

dt
.A.P

and dT
dt = [0, 1, 2t, 3t2, . . . , ktk−1, . . . , ntn−1]. We can cal-

culate the successive derivative dk(BZ(t))
dkt

, 1 ≤ k ≤ n.
Furthermore, we can calculate easily the integration

of a Bezier curve using the form in Equation (5). So, the
integration of BZ(t) is∫

BZ(t)dt =
(∫

T dt
)
A.P.

4. Conclusion

In computer-aidedgeometric design (CAGD), one of the
main problem is to calculate the control points of a
Bezier curve with unknown control points. In this arti-
cle, a matrix is defined and called a creator matrix. The
product of creator matrix of the control points gives us
the Bezier curve. Conversely, since the creator matrix is
invertible, inverse of the creator matrix can be used to
find the control points of the Bezier curve.
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